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Abstract. In this paper we consider the mode decomposition of the electromagnetic field
connected with a sphere of conductivity o, and dielectric and magnetic permeabilities €,
and u, respectively. The sphere is embedded in an infinite medium, characterised by the
constants o, €,, and &,. The continuity requirements of the field across the surface of the
sphere lead to a certain set of so called natural modes, which can be calculated explicitly if
the radial part of the electric field strength inside the sphere equals zero. The completeness
of the radial parts of these modes, which is a set of spherical Bessel functions, is sometimes
erroneously deduced from Sturm-Liouville theory. This theory however cannot be used to
show the completeness because the continuity conditions of the field lead to a boundary
value problem with a boundary condition which explicitly depends on the eigenvalue. The
completeness of this set of functions, which is necessary to solve an initial value problem,
will be shown. The set of functions will even be shown to be overcomplete. The connection
of this problem with many other similar problems occurring in mathematical physics, as
well as the physical consequences of the overcompleteness, will be discussed.

1. Introduction

Many boundary value problems in theoretical physics are special cases of Sturm-
Liouville (sL) theory from which the possibility of expanding an ‘arbitrary’ function
into a set of modes satisfying a linear differential equation with homogeneous linear
boundary conditions is deduced (Courant and Hilbert 1966). However ordinary sL
theory only applies to boundary value problems, requiring that a linear combination
of the field and its normal derivative at a boundary be equal to zero, whereas in
physics one often has to deal with continuity problems. These problems are connected
with the continuity conditions of a field across a boundary and lead usually to a
‘boundary’ condition which explicitly contains the eigenvalue (equation (2.11) of this
paper). The explicit occurrence of an eigenvalue in the boundary condition(s) is not
incorporated in classical SL theory and profoundly affects the results of this theory. For
instance, a set of natural modes satisfying a linear differential equation and such a
‘boundary’ condition can be overcomplete, whereas the eigenvalues usually have a
non-vanishing imaginary part. Both phenomena do not occur in st theory (Courant
and Hilbert 1966). The imaginary part of the eigenvalues leads to damped vibrations,
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so that the total amount of radiated energy is finite (Bremmer 1949, and Bateman
1955).

An example of such a continuity problem is the calculation of the electromagnetic
field inside and outside a sphere with radius a and conductivity o, dielectric and
magnetic permeabilities €, and u;, embedded in an infinite medium characterised by
02, €2, and o, where oy, €1, . .., w2 are constants. The quantities which according to
electromagnetic theory are continuous across the boundary between the sphere and
the medium are the tangential components of the electric and magnetic field vectors
n X E and n X H. This leads to a set of natural modes and a transcendental equation
for the allowed values of the frequency. Assuming the completeness of the set of
natural modes, and in particular a set of spherical Bessel functions, Stratton (1941)
solves the following initial value problem. Determine the electromagnetic field inside
the sphere for all values of ¢ >0 if the radial part of the magnetic field vector inside the
sphere is given at t=0 and the radial part of the electric field vector vanishes
identically. (See § 2 of this paper for explicit calculations.)

Stratton states that the completeness of this set of spherical Bessel functions
follows from the theory of Fourier-Bessel series (Watson 1966) which is just a special
case of SL theory. But, this statement is, unfortunately, not valid because the ‘boun-
dary’ condition which is derived from the continuity condition, explicitly depends
upon the eigenvalue. (The set of modes is even shown to be linearly dependent!) In
this paper we will obtain a proof for the completeness of this set of functions, together
with an expansion formula.

The completeness problem considered in this paper, which in the first instance
looks rather special, arises in many different branches of physics if one solves initial
value or scattering problems. Moreover, several sets of natural modes and the
completeness problems generated by them have been known for a long time. We will
conclude this introduction with several examples of sets of natural modes and show
their usefullness for solving initial value or scattering problems. The related
completeness problems wiil be formulated as well.

For instance, the set of modes considered in this paper also arises in connection
with the theory of scattering of a plane wave by a sphere (Mie scattering), i.e, the
numerators of the amplitudes of this type of scattered field are equivalent to the
‘boundary’ condition of this paper (Born and Wolf 1975, § 13.5, see especially
Bromwich 1919), and a partial fraction Cauchy-type expansion of this field inside the
sphere if the conductivities are zero leads to an infinite series of natural modes. (The
details of this calculation can be found in the book by Nussenzveig (1972, § 5.7¢) who
derived a partial fraction expansion of the § matrix.) The calculation of a scattered
field arising from the scattering of an arbitrary incoming wave by a sphere as a series
expansion of the natural modes of a sphere was indicated by Bateman (1953).
Bremmer (1949) suggested that a scattering theory in terms of natural modes would
lead to a promising alternative with respect to ordinary scattering theory.

Moreover, as early as 1884, Thomson (1884), and somewhat later Love (1904)
used the natural modes of the electromagnetic field outside a perfectly conducting
sphere to determine the field outside this sphere if at =0 a charge distribution is
given at the surface of the sphere (see especially Beck and Nussenzveig 1960).

A well known example of a set of natural modes is generated by the theory of
potential scattering (Siegert 1939, Humblet and Rosenfeld 1961, Pattanayak 1976).
This set arises in connection with the calculation of the field scattered by a central
potential with finite support. The ‘boundary’ condition of this problem is in fact
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derived from the continuity requirements of the field and its normal derivative across
the boundary between the potential and free space. The eigenfrequencies k, are
complex and lead to damped vibrations (Humblet and Rosenfeld 1961).

The natural modes of this problem are the solutions of a linear homogeneous
integral equation arising in the theory of potential scattering:

&= [ G P kUEBL ) a, 1)
if
ikir—r 2
Grr'; k)=9-"—‘?-‘('7%, U(ry= h—’f v(r) (1.2)

and V(r) denotes the potential and 7 the support of V. Equation (1.1) shows that the
natural modes ¢,(r) are solutions of the time-independent Schrédinger equation,
subject to the non-local boundary condition

[ (812605, s k)= = 801G, 7' ) dr =0, 13)

which has to be satisfied everywhere inside the boundary o of the support of V
(Pattanayak 1976).

The scattering problem can be solved if it can be shown that the natural modes
satisfy the completeness relation

Y. a(n(r)=8(r—rYU(r"). (1.4)

The relation (1.4) has been established by Hoenders (1977), and the solution of the
integral equation of potential scattering reads as

b=y +y | 2D

gy dr, rer, réo. (1.5)
(It is readily observed from (1.4) that (1.5) is a solution of the time-independent
Schrédinger equation.) The wavefunction outside 7 is obtained taking the limit'r » o
in equation (1.5) and solving the exterior boundary value problem of the Helmholtz
equation, subject to Sommerfeld’s radiation condition. This type of analysis has been
conjectured by More and Gerjuoy (1973). A similar theory has been developed for
the theory of electromagnetic scattering (Hoenders 1977).

A general definition of the natural modes of an electromagnetic or scalar field
arising in connection with scattering problems has been given by Wolf and Pattanayak
(1976, see also Agarwal 1973 for many applications). They defined the natural modes
for a body of any prescribed constitutive relations bounded by a closed surface §S as
the set of well behaved outgoing solutions of Maxwell’s equations, which obey the
continuity conditions at the boundary S. (A similar definition can be formulated for
the natural modes of potential scattering.) Wolf and Pattanayak (1976) showed that
the solutions of Maxwell’s equation satisfying this definition are the eigenfunctions of
the homogeneous part of the integro-differential equations of electromagnetic scat-
tering with eigenvalues k = k,, or, solutions to Maxwell’s equations satisfying a non-
local boundary condition. These two formulations are equivalent.
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The connection between this definition and the sets of natural modes generated by
Mie scattering has been established by Agarwal, whereas Pattanayak (1976) showed
that this general definition leads to the natural modes of potential scattering.

We end this short survey on the occurrence of sets of natural modes in physics with
an example due to Morse and Feshbach (1953). They considered an initial value
problem connected with a string with one non-rigid support. This support leads to a
continuity condition similar to equation (2.2b), rather than to a boundary condition,
and the solution of this problem is obtained in terms of a series expansion of natural
modes. (Their solution unfortunately contains an error because the calculation of the
residues of the integral occurring above equation (11.1.27) is wrong. The correct
solution of the problem can be obtained by either the methods of this paper or from an
expansion due to Geppert (1924, § 3, example 2). Similar mechanical problems are
considered by Lamb (1900) (see Nussenzveig 1972, § 4.4, and Beck and Nussenzveig
1960).

The examples of Love (1904), Thomson (1884), Lamb (1900), Nussenzveig
(1972), Pattanayak (1976), Humblet and Rosenfeld (1961), Morse and Feshbach
(1953), Beck and Nussenzveig (1960), Bateman (1955) and Agarwal (1973), show
that sets of natural modes occur everywhere in physics and are the rule rather than the
exception. A systematic analysis of their properties is therefore very desirable.
General results have been obtained by Hoenders (1977) who developed a Hilbert-
Schmidt type of theory, leading to a bilinear expansion in terms of the natural modes
of the resolvent kernel connected with the integral equations of electromagnetic and
potential scattering theory (see equation (1.2)).

The initial value problem considered by Stratton could be solved using this
Hilbert-Schmidt type of theory taking the temporal Laplace transform of the Maxwell
equations. Though this procedure would lead to an indirect proof of the completeness
of the set of natural modes we prefer to give an entirely different and direct proof of
the desired completeness. The reason for doing this is that the techniques used in this
proof are very general and can be applied to other expansion problems with boundary
conditions which are different from the ordinary Sturm-Liouville boundary conditions
or the continuity conditions to be imposed on the solutions of the Maxwell equations
or the Schrddinger equation. Examples of such problems are the problems considered
by Morse and Feshbach (1953) and Lamb (1900), mentioned above.

The completeness proof is obtained using a very elegant and beautiful method
employing the calculus of residues used for the first time by Cauchy (1827 a, b, ¢), and
developed by numerous other authors (e.g. Poincaré 1894, Birkhoff 1908, Hilb 1918,
Tamarkine 1927, Geppert 1924, 1925, Titchmarsh 1970).

This technique, applied to sL-type problems with boundary conditions depending
upon the eigenvalue, may provide a tool with which a large class of similar problems
can be handled.

2. Statement of the problem

Suppose a sphere of radius @ and characterised electrically by the constant ki =
elu1w2+ialu1w is embedded in an infinite homogeneous medium characterised by
the parameter k3= 62u2w2+i0’2/.L2w, where €;,u; and o; are the dielectric
permeability, the magnetic permeability, and conductivity of the sphere respectively,
€2, M2, 02, the corresponding quantities for the infinite surrounding medium, and o is
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the temporal frequency of a Fourier component of the field. At time ¢ = 0 let the radial
component H (R, 6, ) of the magnetic field inside the sphere be given by some
arbitrary function f(R, 6, ) which, for mathematical convenience, is supposed to be
of bounded variation, Then, if we consider those modes for which the radial
component of the electric field inside the medium equals zero, i.e. we only consider
transverse electric waves, the field, both inside and outside the sphere, is determined
uniquely by f(R, 6, ¢), and can be calculated using the natural modes of the sphere
(Stratton 1941, § 9.22). Following Stratton’s treatment we have the following set of
modes inside the medium:

(a) E® =0,
) E9=-— 2y i (kR)e™,
sin 8 d¢
i a . —iew
(©) E® = ndn (K1 R ) €7
@ HY = - n.(n +1) Ymn]"(klR) eI
iwpy R
, 1 Y 1 .
(i) mn . ' —iwt
= —— —22 —(k, R}, :
(&) H, o, 30 R( 1Rj.(kiR)) e
i 1 1 aYmn 1 N ¢ —iw
() HY = ——— — = —(k,Rj,(k;R)) e 2.1)

iwp,1 sin 6 a¢ R

The prime denotes differentiation with respect to (k;R), j. is the spherical Bessel
function of order n, and Y., the spherical harmonic. The field in the external region
R > a is obtained by replacing k; by k-, and j, by A", the spherical Hankel function
of order n of the first kind. In order to satisfy the boundary conditions that n X H and
n X E are continuous, the frequency w can only take a discrete set of values w,, which
have to be determined from the equation

P = (0h€2tts +i0gmp207)a’, (2.2a)
where the numbers p;, are the roots of the following transcendental equation:
w2(Noju (NP3 ()= 1(oh 1 (0)) Ja(Np) = 0, (2.2b)
p=k;a; ky=Nk,; kia = Np, (2.3)
where the prime denotes differentiation with respect to the argument.
Assuming that the set of functions

N
{in(ksuR)}; O<R<a,kyu= 2 (2.4)

is complete, Stratton shows how the field can be constructed from the modes.
The solution of his initial value problem is obtained from the expansion of the
value f(R, 6, ¢) at t =0 of H® into a series of spherical harmonics:

fRE8)=F 3 aum(R)Ym(6, ) 2.5)

m=0n=-m
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if
aum(R)= [ AQF(R, 0, 8)Yon(6, &) .6)

On expanding the functions Ra,.,(R) into the set of functions

Ranm(R)=Y cam($)jn(kenR), 2.7
we obtain from equations (2.1d), (2.5), (2.6) and (2.7):
HP(R,6,6,1)
=¥ ¥ 520Dy 6 emeleR) e 9
wZonm s i
if
)= 2.9

However, from (2.24) we observe that we cannot prove the completeness of the set of
functions (2.4) by showing that they satisfy an ordinary Sturm-Liouville expansion
problem as stated by Stratton, because the Sturm-Liouville approach would be to
show the completeness of the set of functions which are regular near the origin and
satisfy the differential equation

(de‘;zz +2RE§+ (p’N?a?R*- nz))j,,(pNa“R)= 0, (2.10)

and the boundary condition

(p)d(N )(Npin(Np))—mB(p)jn(Np)=0, (2.11)

where
A)=hP(p), (2.12)
B<p>=§;<ph‘:’(p». (2.13)

However, in contrast to ordinary Sturm-Liouville theory the coefficients of the boun-
dary condition (2.11) depend explicitly upon the eigenvalue p, which circumstance
completely changes the applicability of the results of ordinary Sturm-Liouville theory.
In particular the property of orthogonality of eigenfunctions will no longer be valid
(see Morse and Feshbach 1953). As already remarked, this kind of boundary condi-
tion is typical for electromagnetic theory, where the ‘boundary’ conditions are
continuity conditions.

3. Calculational procedure

For simplicity we will first consider the case of zero conductivities o; and o,. The
proof for the completeness of the modes if o, and o, are not zero will be postponed till
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§ 4. The reason for doing this is that for zero conductivities the quantity N equals
(e“ul)l/z(ezm)'”2 and is therefore a constant independent of p. Let

w(p, n)= pl2(Npju(Np)Y B (0) = p1(h7 (00 jn (NP)I. (3.1)

We will assume that the roots of the equation ¢ (p, n)= 0 are simple. A proof of this
conjecture is rather difficult and is connected with the multiplicity of the poles of the §
matrix (Nussenzveig 1972, § 5.7a).

The spherical Bessel and Hankel functions can be written as (Stratton 1941, § 7.4,
Magnus and Oberhettinger 1966):

o) =p"(sin (o =bnm) 3 (~1"(n +, 2m)20) " + ostp =)

xsfi( D™ (n+3, 2m +1)(20) 2" ‘)

sin p

—(=1)p (pdp) . (3.24)
<in
yalo)=p (= cos(p=nm) L (1) (1 +4 2m)2p) " +sin(p ~dnm)
m=0
=in—}
X3 1 2m o 1(20) 1)
_ n nf @\ cosp
=~(-1) (pdp) - (3.2b)
(1,2 ; . . nonf d "t
BV 0)= o) xiyn(o) = Fi(-170 (=) (3:2¢)
pdp/ p
where
(A, n)=2""n! ] [4A*-(2k-1)] (Hankel’s symbol),
k=1
3.2d
(A, 0)=1. (3-2d)
Equations (3.2a) to (3.2c) show the existence of complex numbers a; and b; such that:
2m+2
4o, ) =explip)cos(oN) 3 Z ap”'+sinoN) 3, bo™). (3.3)
Let
. 2n+2
$(p, n)=explio)( ~sin(oN) Z ap™'+cosoN) 3 bo™) (3.4)

and suppose that the function f(7) is defined on the interval [0, a], satisfying Dirich-
let’s conditions: e.g. f(7) is of bounded variation on [0, a]. Let

f1(ps R)=p(p, n)jn(@RNa™") j jn(orNa " (r) dr, (3.5a)

(o, R)=0"6(p, minoRNG™) | 7%is(prNa ™) (r) d, (3.50)
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R
fs(p, R)=p*yn(pRNa™") L 7%j.(pNa " '7)f(r) dr, (3.5¢)

and
flo. R)=p*jn(oRNa" >j ya(oNa ™ 7)f(r) dr. (3.5d)

Consider the following two contour integrals for large values of the positive number c¢:

nR =3¢ (Be-rer)e (.6)
1 fe, R)
LR, ¢) =5~ .,,.sc( i R)) do, G.7)

which will be evaluated with the theorem of residues and also by using the asymptotic
behaviour of the integrand on the contour. The contour is chosen such that it passes
between two successive zeros of the denominator.

The second terms in the integrands of equations (3.6) and (3.7) are entire functions
of p and therefore give no contribution to the contour integrals. However, the
insertion of these functions makes the asymptotic evaluation of the contour integrals
feasible.

From the theorem of residues we obtain (see the remark following (3.1)):

‘i’f(p ")’;)‘," jalksnR) I 7fu (ke )f (7) d7) 3.8)

where the summation has to be extended over all the singularities of the integrands of
equations (3.6) and (3.7) lying inside the contour. The point p =0 gives no contribu-
tion to the mtegrals (3.6) and (3.7) because though ¢(p, n)=O(p >""?) the fuaction
pjn(oNa™'R Yin(pNa ") = O(pz"”) near p =0. We will also evaluate the left-hand
side of (3.8) in the limit ¢ » by using the asymptotic behaviour of the integrands. To
this end we have to study the asymptotics of the factors of the integrands. Firstly we
study @ (o, n)¥(p, n).

From equations (3.3) and (3.4) we obtain for large values of c:

II(R C)+12(R C) Z

& (p, rz)= +i+O(exp(2ipN)), if0<argps<snw (3.9a)
v(p,n) —i+O(exp(-2ipN), ifr<argp<nm (3.95)

Combination of equations (3.2¢), (3.5a) to (3.5d), (3.9a) and (3.9b) leads to:

file, R)

o) ~fs(p, R)

R
=ip2hf‘1)(pNa_1R)L 7%j.(oNa " 7)f(z) dr

[1+o(p i (oRNa" )J 2. (oNa~*7)f(r) dr exp(21pN)>]

ifO<argps<n (3.10a)
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R

=—ip2h£?’(pNa‘1R)j 2 (Na " 0)f(r) dr

0

x [1 +O(p2j,,(pRNa_1) j 7. (oNa~'7)f(r) dr exp(—2ipN))},
0
if r<argp<2w (3.105)
fZ(P,R)_
voom O R)

a

=i%j,(eNa”'R) [ +*h(oNa " r)f(r) dr

R
x [1 +0(p%inoRN™) J'R % (oNa ™ 7)f(7)dr exp(ZipN))],
ifr<argpsw (3.10¢)
=—ip’j.(pNa'R) L 7’h P (oNa ™' 7)f(r) dr
x [1 +0(p%n(eRNa™) J'R ju(eNa " )f (r)dr exp(—zipN))],
if r<argm<2m. (3.104)
In order to carry the asymptotics further we have to study the integrals

jj,.(pNa"T)f(T)dr and rhs,“(pNa"T)f(T)dT.

We will first derive a useful identity. From the recurrence relation for spherical Bessel
functions (Stratton 1941, § 7.4)

d

d—(p”*‘zn(p))=p"“zn_1(p), (3.11)
p

where z,(p) denotes any spherical Bessel function of order n we obtain
b
J’ r%z,(opNa '7)dr

_ 1
pNa™

b
J e i(7"'+22,.+1(pNa_l‘r)) dr
A dr

b

b
+nj tz,+1(pNa~'7) d'r), (3.12)

(frzznﬂ(pNa'l'r)

pNa™!

if @ and b are real numbers, and provided that all the integrals exist. Equation (3.12)is
valid if |p| # 0, 0 < arg p <27 and will be very useful for the calculation of the asymp-
totic behaviour of the integrals mentioned previously. Because the function f(7) is of
bounded variation and therefore only discontinuous at a finite number of points in the
interval 0= =< q there exist to every positive number € intervals 6(e) such that:

If(R)—-f(r)|<e, if0O<R-8<r<R, R<r<R+é8<a, (3.13)

i.e. the property (3.13) allows f(r) to be discontinuous at 7 = R. Suppose that we only
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consider those values of |p| = ¢ for which ¢ > (R —8)", then:
R~6 R

R c—1
erjn(pNa"T)f(T)df=L +J_. +j 7%j.(pNa""'1)f(7) dr. (3.14)

The first term of the power series expansion of thé entire function j,(x) is proportional
to x", therefore

[ PieNa iy ar
0

_ o( J’O " oNaT ey S () dT)

1
=o(p‘3j y"t? dy)=0(p‘3), if 0<argp <2m,|p|=c. (3.15)
Q

Using equations (3.2a) we obtain:

= Ofexp[|cNa (R — 8) sin(arg p)|]}. (3.16)

I _: 72j.(oNa " 'r)f(r) dr

Consider the identity

R

J‘ sz,,(pNa_l‘r)f(T)dT

R-5

R R

=f(R)J' sz,.(pNa_XT)d1'+J‘ sz,,(pNa_IT)(f('r)—f(R))d1'. 3.17)
5 R-5

From equation (3.12) we derive

R 2
|#R) [ 7ju(oNa™ ) dr = FRY=-L iruroNa™ R)| = Olo™ exp(oNa ™R,
R-5 p
(3.18)
Let
P(r,p)=Re(ja(pNa'1)), (3.19a)
and
Q(r, p)=Im(j,(pNa~'7)). (3.19b)

According to the second mean value theorem there exists numbers ¢’ and £" such that:

. ¢@-f@yineNa ) ar

§ &
~(fR-8)-fR) [ PGpyar+i[ QG p)ar), (3.20)
R-—-& R—-&
if R-86<¢' <R, R-6<¢"<R.

Combination of (3.12), (3.13) and (3.20) leads to

| ¢@-r®ytinoNa ) ar

= O[ep ? exp(pNa " 'R)], (3.21)
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and combination of (3.15), (3.16), (3.17), (3.18) and (3.21) leads to

R _ R? _
I %j.(pNa~'7)f(r) d7 — f(R) 2 jue1(pNa ‘R)‘
0 pN
=O[ep ? exp(Na 'R)), if0< argp<2m and |p|>.
(3.22)
Similarly we obtain:
@ ' R? _
j 2hD (pNa ' r)f(r) dr + F(R)~— h 1 (oNa 1R)‘
R oN
= Olep * exp(ipNa~'R)), ifO<argp=<m, (3.23)
and
4 R’a
j Tzhi,”(pNa‘l»r)f(T)d7+f(R)—h£?ll(pNa“R)1
R oN
=O[ep " exp(ipNa " 'R)] if 7<argp<2m. (3.24)

Let & be an arbitrarily small fixed positive number. We then obtain for the O terms at
the right-hand sides of equations (3.10a) to (3.10d)

O(szn (pNa™'R) L 72ju(oNa ' r)f(r) d7. exp(2ipN))

olp~! 5= <7-3$,
(o) vEp=T . (3.25a)
O ), O<arg0s6, r-d<argpsm,
R
O(pzj,,(pNa'lR)J % (oNa ' 7)f (1) dr. exp(—2ipN))
0
_{0([2_1), m+é=<argp<2m-—34, (3.250)
O™, 2n—é<argp<2m, r<argp<m+4 '
O(pzj,, (pNa‘lR)J 22 (oNa " r)f(r) dr. exp(2ipN)>
R
_ {0(;0_1), S<argps<mw-3§, (3.25
O(P—l), 0<argp$8—, 77'—6_$argp$1r, 25¢)
O(pzfn(pNa“R) L 7%ju(pNa™'7)f(z) dr. exp(—zipN))
_{o(pﬂl), m+é<argps<2m-§, 3254
O(p_l), 27r—5<argps277-, 'n'Sargpsﬂ--f.g (3.25d)

Hence, combination of equations (3.2a) to (3.2¢), (3.10a) to (3.10d) and (3.22) to
(3.254) yields:

fie: R)

S ) —fi+1lp, R)+f(R)

3

a
2pN’
_[O(ep™"), ifd<argpsnm—6,r+é<argp<22n-3§,

_{O(p‘l), if—gsargps+5_’ﬂ._3'Sargpsﬂ_+g. (3.26)
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Combination of (3.6), (3.7), and (3.26) leads to:

3
L(R, c)~ 211 b f(R)ZZN3dp =0(8)+O(e), i=1,2. (3.27)

Therefore, because the numbers § and € can be chosen arbitrarily small, letting ¢ tend
to infinity we obtain from equation (3.27):

3
lim I(R, )+ L(R, ¢) = 1%3 f(R), (3.28)

and combination of (3.8) and (3.28) leads to the desired expansion formula:

_ (psn psn ¢ 2, 329
f(R)= Z( o ,,(ka)jO i (kent)f () d. (3.29)

4. Completeness of the set of modes (2.4) if the conductivities are non-zero

The completeness of the modes (2.4) has been shown hitherto with the assumption
that both the sphere and the surrounding medium are non-conductive. In this section
we will prove the completeness of the modes (2.4) if the conductivities are not zero.

4.1. Calculational procedure
From the relations
k3= e’ +iow, i=1,2, 4.1)

we derive:

1/2

—io  (—of +461u1k§)1/2)2 " (—im £ (—oi+4ep1k?)
a2

2 =
kz(kl) 62#2( 261“1 261“1

). 4.2)

The choice between the plus and minus sign occurring in equation (4.2) is totally
immaterial for the following calculation, and therefore, just to make the function
ka(k,) definite, we choose the positive sign.

Let the points b;, j=1,2,..., denote the branch points of the function k,(k;)
considered as a function of the complex variable k;. We will now consider contour
integrals similar to the one introduced in § 3 but replace the contour |k;|=c by the
contour drawn in figure 1. For the appropriate cut in the complex k; plane in order to
make the function ks(k;) single valued we take a curve connecting the points
by, ba, ..., which is drawn in figure 1 as a broken line. We will evaluate the integral

1 (¢ fulks, R)*falks, R)
IR =57 xH )

= falks, R)=falks, R)) ks, 4.3)

where c; is drawn in figure 1. Using the techniques of the previous section we obtain:

filk1, R)+fa(k1, R)
ik, n)

1, cl)—f(R)—L k] =ol),  if cooo, @.4)
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Figure 1.The contour ¢, consists of a large circle with radius ¢ and centre at the origin and
a closed curve L. The domain bounded by L contains the branch points 4, but no zero of

Yk, n).

and

N3 g’l sns R .
IR, =15 "—W‘{%—;’)’—)jn(m)jo 2 (k) () dr, @.5)

where the summation has to be taken over all the singularities of ¢ (k;, n) lying inside
the domain D.

We will try to express the integral over L occurring on the left-hand side of
equation (4.4) into a series of modes (2.4). The function

h(ky, n)=kig(ky, n)exp(—ika(ki)a) La 2 jn(ky7)f(r) d7 (4.6)

is analytic within the domain E, drawn in figure 2.
Therefore, for every number € >0 there exists a rational function Q*(k) with
poles lying outside E, such that for all numbers k; € E (Saks and Zygmund 1952)

|h(ky, n)— Q€ k)| <e. 4.7)

If the functions H 5‘)(k1), I=1,2,..., denote the principal parts of the functions
Q'“(k,) around the poles k = k;, then

g(kx)EQ(i)(kx)‘zl HE (k) 4.8)

is an analytic function in the complex k; plane.

Figure 2. The domain E is bounded by the curves B; and B, and does not contain a zero
of ¥k, n).
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Therefore, recalling that no singularities of (¢(k;, n))”" are situated within the
contour L, combination of equations (4.6), (4.7) and (4.8) yields:

| [ @) exptbatina)inesRE. B k) + g1

a

~K36 ks, m) exp(—ika(hn)a) [

0

fzjn(klf)f(f)df)} dki|=0G).  (4.9)
Let M be an arbitrary positive number and suppose that the infinite set of positive
numbers A;,j=1,2,..., is bounded by M:

A<M, i=1,2,.... (4.10)

The set of functions {cos(A;vk )} can be shown to be complete with respect to the class
of functions which can be approximated arbitrarily closely by a polynomial in powers
of k in a bounded domain D (see Lewin 1962, Hoenders and Ferwerda 1974) taking
O(v)=cos(A;vk). The expansion of such a function into this set converges uniformly.

Let the contour L' enclose the contour L in such a way that the singular points of
the function Hf‘)(k), which are situated outside L, are also situated outside L'. The
function H{® (k) is analytic within the simply connected domain bounded by L' and,
by Runge’s theorem, can therefore be approximated arbitrarily closely and uniformly
for all values of k situated on L and in the domain bounded by L by a polynomial in
powers of k (Saks and Zygmund 1972). Because the set of functions {cos(/\,-\/k)} is
complete with respect to the class of functions which can be approximated arbitrarily
closely by a polynomial in powers of k in the domain bounded by L to every number
€ >0 there exist a positive number N (e¢) and numbers a;(N) such that:

Y H (k)+g(k)- i a;(N) cos(A;vk)| = O(e). (4.11)
5] i=1

The summation over /; denotes the (finite) summation over all the singular points
outside L. Equations (3.2a), (3.3) and (4.10) lead to:

exp(ika(ky)) cos(A,Vky) .
¢(kl,n) ]n(klR)‘

=O0{ki’ exp[—3(a — R)|k, sin(arg k)|]}, if |k,|— co. 4.12)

Because H(fz) (k1)=O(k7")if I, labels a singularity ki, inside L, we derive:
IeXP(ikz(kl))
df(kh n)

If the contour L is transformed into a circle with infinite radius equations (4.9), (4.11),
(4.12) and (4.13) lead to:

J’ fi(ky, R)+fa(k1, R)
L Yk, n)

HE (ki (k1R)| = Olk:" exp{— (a = Rk sinarg k:)]) 4.13)

dkl - zs: exp(ik2(ksn ))]n (ksnR )(lp’(ksm n ))_1

X (’z HY (k) + Y a;(N) cos(/\,\/km)>’ =O(e), ifR<a. (4.14)

Equations (4.4), (4.5) and (4.14) show that every function f(R) which is of bounded
variation can be approximated arbitrarily closely by a suitable linear combination of
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the set of functions (2.4) if 0=<R <a. This proves the completeness of the set of
functions (2.4).

5. Discussion

The problem which is considered in this paper essentially concerns the extension of
classical Sturm-Liouville theory (Courant and Hilbert 1966) to the case where the
boundary condition explicitly contains the eigenvalue. Though it seems that such
problems do not occur very frequently in physics it has been pointed out in the
introduction that they are rather rule than exception, i.e. these problems always occur
in connection with fields satisfying a continuity condition across the boundary of two
media, like the electromagnetic continuity conditions n X E and n X H continuous,
and the quantum mechanical continuity conditions ¢ and d¢/dn continuous across a
boundary.

After having shown the completeness of the eigenfunctions the question arises
whether or not this set is overcomplete. The overcompleteness of this set of modes can
be shown rather easily if the sphere and the surrounding media are not conducting
(see the appendix).

The same situation shows up in a similar problem, first formulated by Siegert
(1939), Siegert considered the set of natural modes satisfying the radial Shrodinger
equation and a continuity condition. The continuity condition arises from the
requirement of continuity of the logarithmic derivative of the wavefunction across the
boundary of the range of the potential, which is supposed to be delimited by a sphere
with radius a.

This set of natural modes can also be shown to be overcomplete (Hoenders 1978). 1
is also possible to show, using the same kind of analysis to that which has bee'
developed in the appendix, that the set of natural modes arising in connection with thz
problem of Morse and Feshbach (see the introduction), is overcomplete.

In view of all these examples we conjecture that the natural modes occurring in
electromagnetic theory, as defined by Wolf and Pattanayak (1976) and Agarwal
(1973), or arising in other fields of physics, are overcomplete.

We shall give a discussion concerning the physical consequences of the overcom-
pleteness of the set of natural modes analysed in this paper and conclude that it is
highly probable that for physical fields overcompleteness does not exist at all.

Overcompleteness means that we can dispose of a certain number of modes, or to
speak in a colloquial way, ‘nature wastes modes’. However, the field vectors of the
electromagnetic field defined by equations (2.1a) to (2.1f) are quantities with non-
zero imaginary parts and cannot therefore represent physically existing fields.

To elucidate the situation we will consider the modes of the radial magnetic field
vector H,. By virtue of the relation (4.1) we consider equation (2.254) as an equation in
the variable w. Changing w into —~w and taking the complex conjugate we infer that if
ws, is a root of equation (2.4) —w¥ is a root too. Recalling the dispersion relation
ep,w2+i0'w=k2, we observe that if w,, changes into —w¥ the wavenumber k,,
changes into —k¥, or +k%. If however exp(ik,.» — iwsnt) represents an outgoing wave,
we have to take —k3, because in that case exp(iwft —ik%r) represents an outgoing
wave too. We will show that for a physically existing field a linear superposition of two
modes of the radial magnetic field vector H,, corresponding to the wavenumbers kj,
and k#, is indistinguishable from the contribution of just one mode.
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The proof of this statement follows immediately from equation (2.1d) and
Re[A 1 ji(kimr) exp(—iwmt)+ Az ji(—kFr) expliowht)]
=Re[A; +(—1YA%)ji(kinr) exp(—iwnt)],

if A and A, are two arbitrary complex numbers.

We can therefore dispose of one half of the set of modes, for instance those modes
for which Re(k,,)<0. Relaying on the results obtained by Paley and Wiener (1934)
for similar problems, in my opinion it seems highly probable that the set of modes with
Re(ks,)> 0 is just complete.

However, though this completeness problem is certainly interesting from a
mathematical point of view there is no reason from the point of view of the physicist to
investigate the completeness of the set of modes (2.4) with Re(k,,)= 0. The full set of
modes (2.4) is overcomplete and the physical problem does not lead to a condition like
Re(k,,) smaller or larger than zero. It is therefore possible to expand the field into a
series of natural modes, satisfying the continuity conditions of the field. Because this is
possible, there is not much need for the physicist to investigate the completeness
properties of subsets of the set (2.4).
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Appendix

By virtue of the relation (4.1) we consider equation (2.256) as an equation in the
variable w. Changing w into —w and taking the complex conjugate we infer that if w,,
is a root of equation (2.26) then ~w?¥, is a root too. Recalling the dispersion relation
(4.1) we observe that if w,, changes to —w?, the wavenumber k,, changes to —k%, or
+k 3. If however exp(iksr —iw,t) represents an outgoing wave, we have to take —k*,
because in that case exp(iw#t —ik¥r) represents an outgoing wave too.

The finite set of wavenumbers k;, with Re(k;,)>0 and /=1,..., L is arbitrarily
chosen from the infinite set of wavenumbers {k;,}.
Let
1 L (k= ki \exp(ip)jn(kR) .
I(b, n, R)=— ( ) Fo.(b, k) dk, < .
( ) i Ji=c, =1 \k — k1, Yk, n) (b, k) fR<a (Al
where
Wb, n) 5
N L [
6. 0)=(5; l]j[(b . bk (A.2)
The contours |k|=c,, n=1,2,3,..., tend to infinity if n >0 and pass between two

consecutive poles of the integrand of equation (A.1). Equations (2.3) and (3.3) show
that:

lim I(b, n, R)=0, R<a. (A.3)
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The residue at the point k = b is immediately calculated and is equal to 8™j,(bR)/3b™
if we are permitted to change differentiation and integration. It is for this reason that
we introduced the function F,, (b, k), which was introduced into compiex analysis by
Filon (1906) for the case b =0. (For an explanation of Filon’s theory see Watson
(1966) and Hoenders and Ferwerda (1974).)

The exact calculation of the residue at k=5 is performed with the Laurent
expansion of the function

L

H k —ki\ Fn(b, k)
o= (5 e =
around the point k = 5:
FOb, k)= et calk=b)" (A5)
(k=b6)"""1 3

Because the principal part of (A.5) only contains the power (k —b) """ we obtain

m

Res(I(b, n, R): k = b)= aj;_"‘ i (bR). (A.6)

The theorem of residues and equation (A.6) yield:

kln jn(ksnR)
. [T (ke e Frlkn b)

s#l

Jn(kinR) ki =kra\,, «
Z  UkE )F (kzn,b)n(___k:)(k,,,—k,n)

m

= in(bR). (A7)

Recalling that if j,(k;,R) is a natural mode then j,(~k%R) is a natural mode too, and
using the relation j, (k%R )= (—1)"j.(—k#%R), equation (A.7) shows that each function
of the set

am
{%—mjn(bR);m=0,1,2,...}, b#ksy 0SR<a (A.8)

can be expanded into the reduced set of natural modes
{jn(ksnR); s # 1, 1=1,2,...,L}. (A9)

Therefore if the set of functions (A.8) can be shown to be complete in the interval
O=<R=a we have proved the overcompleteness of the set of functions (2.4).

However, this set of functions is the set of coefficients of the Taylor series expansion at
the point A = b of the function j,(AR):

COR)= S a—syd
WARY= L — (A =b)" = j.(bR). (A.10)

The series (A.10) converges uniformly for all values of R with 0<R <ga and shows
that each function j,(A;,R) of the complete set {j,(A;,R)}, where the numbers A;, are
the roots of the transcendental equation j,(Aa)=0, can be approximated arbitrarily
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closely and uniformly in the interval 0<R <a by a suitable linear combination of
functions (A.8). This result and (A.7) proves the overcompleteness of the natural
modes.
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